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A  N E W  C H A R A C T E R I Z A T I O N  O F  T H E  U N I T  B A L L  O F  H 2
R. A. KORTRAM 
(Communicated by Juha M. Heinonen)
A b s t r a c t .  We derive a new expression for the norm of H 2 functions; we 
present some well-known results in a different setting.
I n t r o d u c t io n
In  1915, P ick  [3] p roved  th e  following resu lt.
T h e o r e m  1. L et g be an  analytic  fu n c tio n  on the u n it disc  A  in  the com plex  
plane. T h en  \g(z)\ < 1 fo r  all z  G A  i f  and  only i f  fo r  all n  G N  fo r  all sequences 
z i , z 2 , . . . , z n in  A  and fo r  all sequences \ \ , \ 2 , . . . , \ n we have
(1)
fc= i1=1 k '
A hlfors [1], page 3, gives an  e legan t p ro o f o f th is  c h a rac te r iza tio n  of th e  u n it ball 
o f H TO.
In  th is  n o te  we shall p resen t a c h a rac te riza tio n  of th e  u n it ball of H 2. O u r m ain  
to o l will be an  explicit so lu tio n  of th e  “m in im al in te rp o la tio n  p ro b lem ” for H 2 (see 
[2], page 141). As a b y p ro d u c t we o b ta in  a new  p ro o f of P ic k ’s theo rem .
D e s c r ip t io n  o f  t h e  m a in  r e s u l t
L et z 1, z 2, . . . , z n b e  a  sequence in  A , an d  le t b be th e  B laschke p ro d u c t g en e ra ted  
by  th e  sequence
(2) b( z ) = n -
1 — Z jZ  
j=1 j
W e shall p rove th a t  th e  following cond itions are  equ ivalen t for con tinuous functions 
f  on  A:
1) f  lies in  th e  u n it  ball of H 2.
2) For every  n  G N an d  for every  sequence z 1, z 2, . . . , z n o f m u tu a lly  d is tin c t 
p o in ts  in  A  we have
(3) -^f { zk)f{zi) i ^
k=i i =i 1 -  ZkJi b' ( zk )b'(zi) ~
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P r e l im in a r ie s
F or m u tu a lly  d is tin c t p o in ts  z 1, z 2, . . . , z n in  A  an d  for w 1, w 2, . . . , w n in  C  we 
define
A =  { f  G H  2 : f  (zj ) =  wj , j  =  1 , 2 , . . . , n }.
A is n o t em pty ; it co n ta in s  th e  L ag range  in te rp o la tio n  po lynom ial
n
A W = , W £ ( - «)'■(«)■
n
w here l ( z)  =  n  (z — z j ).
j = 1
In  th e  co n tex t o f H p spaces it is m ore n a tu ra l to  w ork w ith  th e  B laschke in te r­
p o la tio n  function
n  1 _
M \ - U  ^  1 ~ ZkZ Wkp{z) b ( z ) } 2  z _  ^  ■ b/{zk){i_|Zfc|2).
w ith  b(z) defined as in  (2). O f course ¡3 G A. H owever, for ou r p u rposes we are 
b e t te r  off w ith
n
Wkz) = b(z' ■(4) <Piz ) = Hz ) J 7 Z
k= 1 (z -  z k) b' ( z k)'
<p G A, an d  <p is an a ly tic  on  som e n e ig h b o u rh o o d  of A . A is a h y p erp lan e  in  H 2. 
W ith  p  an d  b defined as in  (4) an d  (2) we have
A =  { p  +  bg; g G H 2}.
T h e o r e m  2 . p  is the unique so lu tion  o f the “m in im a l in terpo la tion  prob lem ”, i.e., 
fo r  every f  G A \{ p }  we have \ \ f  ||2 >  | |p | |2 .
Proof. I t  suffices to  show  th a t  p  ±  ( f  — p ) for every  f  G A (since u n d e r those  
c ircum stances \ \ f ||2 =  | | p \ 2 +  \ \ f  — p | |2).
F rom  th e  decom position  f  =  p  +  bg we have
2n
l
(ƒ - v , v )  =  (bg, v )  =  l ^ J  b{ei t )g{ei t )ip{ei t )dt
0
1 2;  ____  n _
=  —  b(ei t )g(ei t )b(ei t ) ^ — — ^ = = d t .  
2711  fc= i (e l t ~ z k )b' ( zk )
N ote th a t  \b(eJt)\2 =  1. T hus,
n — 2r it
t'12Kb>(zk)Jo yy 1 —  e zk 
= \ 2 ^ = - — i - ^ - d z  = o,
V { z k ) 2 m j l - z kz
because th e  in te g ran d  is an a ly tic  on  A .
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I t will be convenient to  have an  exp lic it expression  for | |^ | |2:
2?r n n 2?r
1 , i t s ,n ^  1 WkWl f  dt
IMI1 = 2ttJ  U ~ it)
n n  n  __ f, 71 ^  WkWi j az
9'7T') ' J f J I27r*fc= l 1 = 1  b' (z k ) b ' ( z i ) J  (z -  z k ) ( l  -  z i z )
n  n  __ n\ \ WfcWi 1
1 — v.iTv.ik = l l = i 1 ~ ZkZl V { z k )V{zi )
T h ere  are, o f course, m an y  o th e r  expressions for | p|  2 . 
T h e o r e m  3.
Wk f  (zk)
||y>||2 =  m ax  • £
k k=1
Proof.
b' (zk )
: f  e  H 2, | | f  ||2 <  1 •
Wkf ( z k ) =  J _  f  f ( z ) i p ( z )  
b' ( zk ) 2 n i j r  b(z) Z’
hence, by  S chw arz’s in e q u a lity  we have 
Wk f  (zk)
E :
k=1 V( z k  )
1
~  2n J 0 l/(eii) l ' l^ eii)ld^ l l / l l 2' l l^ 2^ l l ^ 2-
E q u a lity  ho lds for th e  function  ƒ  : z —>■ -m-A- Y1l_ v' Wk
fc=l '
A n im m ed ia te  resu lt from  T h eo rem  2 is
C o r o l la r y .  For every sequence z 1 , z 2 , . . . , z n o f  m u tua lly  d is tin c t po in ts  o f  A  we 
have
n n
----- Ì = < 1.
k = i l = i l ~ ZkZl V { z k )b'{zi)
Proof. Take w 1 =  w 2 =  . . .  =  w n =  1. T h en  1 e  A an d  since
l|1 |2  =  1,
we have
n n
i >  i i ^ i i = ,r ,r ^ - 1 ^ — — .
k=11=1 1 _  ZkZi b' {zk )b'{z{)
T h e eq u a lity  sign c e rta in ly  occurs if 0 e  { z 1 , z 2 , . . . ,  zn}:
-, r 2n n n . .
1 I I / ,'ìmO II nO X  ^X  ^ 1 11 /*2n n _ n _ 1i = (^o)2< - /  i ^ i)i2di = m 2 = E E — 3
2tt Jo r " f  1 -  ZkZi b' ( zk )b'(zi)k=1i=1
If 0 G {z 1, z 2, . . . ,  zn }, th e re  is s tr ic t inequality .
B ecause of th e  un iqueness of p  th e re  can  be eq u a lity  on ly  if
n 1
(z  ~  z k ) V { z k ) L
In  th is  id e n tity  for ra tio n a l functions we le t z ^<x>. Since z j  =  0, lim  b(z) h as  a 
fin ite  value. T herefore, th e  le ft-h an d  side has lim it zero.
R em ark. T h e  co ro lla ry  show s th a t  a function  sa tisfy ing  (1) also satisfies (3).
T h e  fact th a t  p  G A has an  in te res tin g  refo rm u lation . W e s ta r t  w ith  a lem m a. 
L e m m a  1. The partia l fra c tio n  decom position o f p  is
n n
(5) *>(*) =  E E — =-------- ^ ----------= •k=1 l=1 (1 -  z i z ) (  1 -  z i z k )b' (zk )b'(zi)
Proof. A n e legan t w ay to  prove th is  is to  co m p u te  b o th  sides of th e  following 
iden tity .
F or z e  A  we have
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J _  f  dC -  1 f  ^  dC 
2 ixi JT \ - Q z  C, 2ni  J T 1 - C , z C '
T h e le ft-h an d  side is equal to
h L f ^ i iz = v{z)’
w hile th e  r ig h t-h a n d  side is equal to  th e  com plex co n ju g ate  of
—  f  W i V '  Wk_________—  ■ —
2?r* J t k=1 (C -  z k)b'{zk) 1 -  ( z  ( ’
i.e., to  th e  com plex co n ju g ate  of
1 f  1 w k <K
2 m  Jr 6 ( C )  k=1 (1 - z kX) b ' ( z k ) 1 - zC,
C alcu la tio n  of th e  residues a t  th e  p o in ts  z 1? z2, . . . , z n lead  to  (5 ) . 
T h e  co n d itio n  p  G A im plies th a t  p ( z j ) =  W j , j  =  1 , . . . , n ,  i.e.,
n n
w k
> > --------------------------------------------=  =  W j .
k=1 l=1 (1 -  ziZj){ 1 -  z i z k)b'{zk )b'{zi)
T his is equ ivalen t to  th e  assertio n  th a t  th e  m a trice s
B  =  (3 ik )
an d  its  co n ju g a te  B  =  (/3ik) w here
^ ' k (1 -  z i z k )b'{zk) 
are inverses of each  o th e r, i.e., B  a n d  B  a re  u n ita ry .
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P r o o f  o f  t h e  m a in  r e s u l t
T h e o r e m  4 . L et f  be a continuous fu n c tio n  on the u n it disc in  the com plex plane. 
T h en  the fo llow ing conditions are equivalent:
1. f  is analytic and f  lies in  the u n it  ball o f H 2.
2. For every n  G N and fo r  every sequence z 1 , z 2 , . . . , z n o f  m u tua lly  d is tin c t 
po in ts in  A  we have
f { z k ) f { z , ) ____ 1
1 — ZkZl
Proof. W e sp lit u p  th e  p ro o f in to  tw o lem m as.
(3) I \ z k ) j { z i ) --------1------ ^  1
k =i i =i  ~ z k i b' {zk )b'{zi)
L e m m a  2 . L et f  belong to the u n it  ball o f  H 2, and let a sequence o f  m u tua lly  
d istin c t po in ts  z 1 , z 2 , . . . , z n in  A  be givenn. T h en  (3) holds.
Proof. Define Wj =  f  ( z j ). f  lies in  th e  h y p erp lan e  A an d  th e  elem en t p  of A w ith  
m in im al n o rm  satisfies
M 2  < \ f ||2 <  1.
Use of th e  explicit expression  for | |p | |2 leads to  (3 ).
L e m m a  3 . L et f  be con tinuous and  assum e th a t f  sa tisfies  (3 ). T hen  f  is analytic  
and f  lies in  the u n it  ball o f H 2.
Proof. W e ap p ly  (3) for th e  case n  =  1; an  easy  co m p u ta tio n  show s th a t
,6) l / w l  5  7 7 = W
for every  choice of z  G A .
L et 0 < r  < p < 1, an d  le t z 1?z2, z 3, . . .  be an  en u m era tio n  of th e  ra tio n a l po in ts  
of A p. For every  n  th e re  is a function  <pn w ith
p n (zj  ) =  f  (zj  ), j  =  1  2 , . . . , n ,
an d  _____
II || 2 f ( Zk ) f ( z i )  1
k=i i =i 1 -  z k z i b' {zk )b'{zi)
T hus, p n lies in  th e  u n it  ball o f H 2, an d  so by  L em m a 2 , we have for every  sequence 
C 1 ,C 2 ,...,C n  in  A
m m
I t  follows from  (6) th a t
1^(01  < 1
_
hence th e  sequence y>i, y>2, . . .  is un ifo rm ly  b o u n d ed  on A p. T herefore, i t  con ta in s 
a locally  un ifo rm ly  convergent subsequence p n . . A t th e  p o in ts  z 1?z2, . . .  th e  su b ­
sequence converges to  f . B y  th e  c o n tin u ity  of f  an d  th e  fac t th a t  { z 1, z2, . . . }  is
dense in  A p we see th a t
lim  p n , =  f .
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T h is  shows th a t  f  is an a ly tic  on  A p for all p < 1. B ecause of un ifo rm  convergence
on  r r , we have
1 ,■2n 1 ,■2n
If ( r e l t )\2d t =  lim  —  \<pn {rel t )\2d,t < 1. 
2n  J 0 nj —to 2n J 0
2T hus, f  G H 2 an d  | f |  2 < 1.
L em m a 2 an d  L em m a 3 to g e th e r  c o n s titu te  a p ro o f o f th e  theorem .
C o r o l la r y .  F or f  G H 2 we define
r I f  (z k) ƒ  (z i) 1
/(/ ) =  sup U = :u ~ i  1 ~  ZkZl b' ( zk )b' (zi ) '
z 1 , z 2 , . . . , z n m u tua lly  d is tin c t po in ts  o f  A  .
T h en  v ( f ) =  | | f  ||2.
Proof. A ssum e th a t  v ( f ) =  1. T h en  by  L em m a 3 | | f  ||2 <  1. If  | | f  ||2 <  A2 <  1 for 
som e A, th e n  we have || 1| <  1 b u t v  ƒ ) >  1 w hich is im possib le by  L em m a 2 .
In  a sim ilar w ay we can  show  th a t  | | f  ||2 =  1 im plies th a t  v ( f ) =  1. B y  th e  
h om ogeneity  of v  an d  || ||2 i t  follows th a t  for all f  G H 2: v ( f ) =  | | f  ||2.
P ic k ’s t h e o r e m
As an  ap p lica tio n  of ou r re su lts  we shall give a p ro o f of P ic k ’s theorem .
L et g belong  to  th e  u n it ball o f H to , an d  le t z 1, z 2, . . . , z n b e  a  sequence of 
m u tu a lly  d is tin c t p o in ts  in  A . L et w 1, w 2, . . . , w n be an  a rb it ra ry  sequence of 
com plex num bers. W e consider th e  hy p erp lan es A an d  A g w here
Ag =  { f  G H 2 : f  ( z j ) =  w j g ( z j ) , j  =  1, 2 , . . . , n } .
O f course, if f  G A , th e n  g • f  G A g , an d  by  T h eo rem  2 app lied  to  A g we have
k=1 i=1 1 -  z kzi b' {zk )V{zi )
L et p  be, as before, th e  elem en t of A w ith  sm allest no rm . F rom  ||g ||TO <  1 we 
o b ta in
l lg p b  <  llp||2.
C om bin ing  these  s tep s leads to
n  n  __  n
\ \ WfcWi 1
1 — 7i.7i
k=1 i=1 1 ~  z kzi b' {zk )b'{zi)
k=1 i=1 1 -  z k zi b' ( zk )b' (z, ) '
i.e., to
1 -  g { z k )g(z, )  w kwi  ^  
k=ll=1 1 -  z kz i b' ( zk )b' (zi) ~  ’
1
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an d  since th e  sequence w 1, w 2, . . . , w n is a rb itra ry , we have for all choices of A1,
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B y  th e  choice n  = 1 ,  A1 =  1 we see th a t  th e  converse is triv ia l.
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